One-dimensional PT -symmetric quantum-mechanical Hamiltonians having continuous spectra are studied. The Hamiltonians considered have the form H = p 2 + V (x), where V (x) is odd in x, pure imaginary, and vanishes as |x| → ∞. Five PTsymmetric potentials are studied: the Scarf-II potential V 1 (x) = iA 1 sech(x) tanh(x), which decays exponentially for large |x|; the rational potentials V 2 (x) = iA 2 x/(1 + x 4 ) and V 3 (x) = iA 3 x/(1 + |x| 3 ), which decay algebraically for large |x|; the step-function potential V 4 (x) = iA 4 sgn(x)θ(2.5 − |x|), which has compact support; the regulated Coulomb potential V 5 (x) = iA 5 x/(1 + x 2 ), which decays slowly as |x| → ∞ and may be viewed as a long-range potential. The real parameters A n measure the strengths of these potentials. Numerical techniques for solving the time-independent Schrödinger eigenvalue problems associated with these potentials reveal that the spectra of the corresponding Hamiltonians exhibit universal properties. In general, the eigenvalues are partly real and partly complex. The real eigenvalues form the continuous part of the spectrum and the complex eigenvalues form the discrete part of the spectrum. The real eigenvalues range continuously in value from 0 to +∞. The complex eigenvalues occur in discrete complex-conjugate pairs and for V n (x) (1 ≤ n ≤ 4) the number of these pairs is finite and increases as the value of the strength parameter A n increases. However, for V 5 (x) there is an infinite sequence of discrete eigenvalues with a limit point at the origin. This sequence is complex, but it is similar to the Balmer series for the hydrogen atom because it has inverse-square convergence.
Introduction
A PT -symmetric quantum theory is defined by a Hamiltonian that is invariant under combined space reflection (parity) P and time reversal T . An early class of non-Hermitian PT -symmetric Hamiltonians that has been studied in depth is H = p 2 + x 2 (ix) ε (ε real). These Hamiltonians are PT invariant because x → −x under P and i → −i under T . It was observed in Refs. [1, 2] that the eigenvalues of this class of Hamiltonians are real, discrete, and positive for all ε ≥ 0 and the reality of these eigenvalues was attributed to the PT symmetry of H. Subsequently, the reality of the spectrum was established at a mathematically rigorous level in Refs. [3, 4] .
The eigenvalues of a PT -symmetric Hamiltonian are either real or come in complexconjugate pairs. If the eigenvalue spectrum is entirely real, the PT symmetry of the Hamiltonian is said to be unbroken, but if some of the eigenvalues are complex, the PT symmetry of the Hamiltonian is said to be broken. Many studies of model quantum systems whose Hamiltonians are PT invariant have been published (see Refs. [5, 11] ). PT -symmetric Hamiltonians often exhibit a transition from a parametric region of unbroken PT symmetry to a region of broken PT symmetry. This PT transition occurs in both the classical and in the quantized versions of a PT -symmetric Hamiltonian [2] and this transition has been observed in numerous laboratory experiments [5, 11] .
Many papers on PT -symmetric Hamiltonians having discrete spectra have been published, but there have been only very few studies of PT -symmetric Hamiltonians having continuous spectra. Therefore, in this paper we consider Hamiltonians H = p 2 + V (x) whose potentials possess continuous spectra. The potentials V (x) that we discuss here decay to 0 as |x| → ∞. Thus, it is not surprising that we find that in general the real part of the spectrum is continuous and that these eigenvalues range continuously from 0 to +∞. Since the potential V (x) is odd under x → −x and is pure imaginary, V (x) is PT invariant, and hence complex eigenvalues must appear as complex-conjugate pairs. On the basis of our study we believe that short-range potentials typically have a finite number of discrete complex eigenvalues and that long-range potentials have an infinite number of discrete complex eigenvalues.
To be specific, in this paper we study five one-dimensional Hamiltonians of the form
and the strength parameters A n are real. In all cases V n (x) is odd in x and is pure imaginary, so the H n are all PT symmetric. Furthermore, these potentials all vanish as |x| → ∞. In all these cases the Hamiltonians H n have real eigenvalues that range continuously from 0 to +∞. However, the universal property of the five Hamiltonians studied here is that in addition to the real continuous part of the spectra, there are complex-conjugate pairs of discrete eigenvalues for sufficiently large strength parameters A n . Thus, in all these cases the PT symmetry of these Hamiltonians H n is broken. The five potentials V n (x) vanish at different rates for large |x|: The Scarf-II potential V 1 (x) decays exponentially for large |x| [6, 7, 8, 9] , the rational potentials V 2 (x) and V 3 (x) decay algebraically like |x| −3 and |x| −2 for large |x|, and the step-function potential V 4 (x) has compact support [10] . These are all short-range potentials and we find that these potentials confine a finite number of discrete complex bound states. The number and size of these complex eigenvalues increase as the strength parameters A n increase.
The potential V 5 (x) is special; it vanishes slowly like 1/|x| for large |x|. Because it vanishes slowly,/and to it is a long-range potential like the Coulomb potential. Even though this potential is bounded, the property that it is long range allows it to confine infinitely many discrete complex bound states. Like the Balmer series for the hydrogen atom, the sequence of complex-conjugate pairs of eigenvalues converges to a limit point, which happens to be at 0, and the kth pair of eigenvalues approaches 0 like 1/k 2 .
In previous studies of PT -symmetric Hamiltonians it was found that accurate numerical calculations of real discrete eigenvalues could be done by using the shooting method [1] . However, if the discrete eigenvalues are complex, the shooting method becomes unwieldy. Therefore, alternative techniques based on the finite-element and variational methods were used. A numerical technique known as the Arnoldi algorithm was used in Ref. [12] .
Let us summarize the numerical technique used in this paper: For numerical calculations of eigenvalues one cannot work directly on the infinite x axis, so one reduces the problem to solving the Schrödinger equation on a large but finite interval. Consequently, the numerical techniques used to calculate eigenvalues can only return discrete values and one must determine whether a given eigenvalue belongs to a discrete or a continuous part of the spectrum. To distinguish between these two possibilities we examine the associated eigenfunctions and observe how they satisfy the boundary conditions. As explained in detail in Ref. [12] , the eigenfunctions associated with discrete eigenvalues are localized in space (like bound states) and decay to 0 smoothly and exponentially as x approaches the boundary points of the interval. However, the eigenfunctions for eigenvalues that belong to the continuous part of the spectrum drop abruptly to 0 at one or both endpoints of the finite interval.
The technique used here to compute the eigenvalues of H n is called Chebyshev spectral collocation. This technique relies on the properties of Chebyshev polynomials and Chebyshev series and is explained in detail in Ref. [13] . To calculate the spectra of the Hamiltonians H n by using Chebyshev spectral collocation we replace the infinite x axis by the finite interval −L ≤ x ≤ L. We then decompose the interval [−L, L] into N subintervals bounded by grid points at x j , where j = 0, 1, 2, 3, . . . , N . These subintervals are not of equal length; rather, the subintervals shorten as we approach the endpoints at x = −L and x = L. To determine the positions of the grid points, we construct a semicircle of radius L centered at the origin x = 0 and divide the circle into equal sectors. We then project onto the x axis. Thus, the grid points are located at x j = L cos(πj/N ). For all computations done in this paper we take N = 2 14 − 1. The first and last grid points lie at x = ±L, but since N is odd there is no grid point at the origin. We make this choice because the potential V 4 (x) is discontinuous at x = 0. To find the eigenvalues we impose homogeneous boundary conditions at the endpoints ±L and finally let L tend to infinity. In all cases we take L = 10, 100, and 1000, and we find that the eigenvalues converge rapidly to their L = ∞ values. This paper is organized very simply. In Secs. 2-6 we describe in turn the spectra of V n (x) for n = 1, 2, 3, 4, and 5, and then in Sec. 7 we give some concluding remarks.
Eigenvalues for the Scarf-II potential V 1 (x)
For the potential V 1 (x) in (1) we have chosen A 1 = 30. In Fig. 1 we plot the eigenvalues in the complex plane for L = 10 in panel (a) and for L = 100 in panel (b). We observe two kinds of eigenvalues, bound-state eigenvalues, which are indicated by circles, and continuum eigenvalues, which are indicated by crosses in (a) and by dots in (b). As we will see in Fig. 4 , we can distinguish between bound-state and continuum eigenvalues by examining the corresponding eigenfunctions. This plot of the absolute values of the eigenfunctions as functions of x shows that the eigenfunctions for bound-state eigenvalues decay smoothly and exponentially to 0 as x approaches the boundaries at ±L while the continuum eigenfunctions abruptly drop to 0 at one or both boundaries. Note that as L increases from 10 in (a) to 100 in (b), the positions of the bound-state eigenvalues stabilize rapidly but the continuum eigenvalues approach the real axis.
We observe two kinds continuum eigenvalues in Fig. 1 . Above a critical value near 28 the continuum eigenvalues are real, but below this critical value the continuum eigenvalues come in complex-conjugate pairs that lie slightly above and below the real axis. These pairs of eigenvalues approach the real axis as L increases but the position of the critical value near x = 28 does not change. With increasing L each member of the complex-conjugate pair of eigenvalues approaches the real axis vertically, but as they reach the real axis, one member of the pair moves slightly rightward and the other moves slightly leftward along the real axis, thus doubling the density of points. (This behavior of the continuum eigenvalues is in exact analogy to the motion of the roots of the famous Wilkenson polynomial [14] .) For L = 1000, the continuum eigenvalues below x = 28 are extremely close to the real axis, but the positions of the complex bound states do not move, as we can see in Fig. 2 . This plot presents dramatic evidence that the transition from slightly complex continuum eigenvalues to exactly real continuum eigenvalues near x = 28 is sharp. There is a jump at the dashed line of about ten orders of magnitude at this transition point. Observe that the location of the transition does not change as L is increased from 10 to 100 to 1000. Figure 3 is a logarithmic plot of the eigenvalues shown in Figs. 1 and 2 . Observe that the critical point at x = 28 at which the continuum eigenvalues jump from being complex-conjugate pairs to real numbers does not move as L is increased.
To distinguish between discrete and continuum eigenvalues we investigate the behavior of the associated eigenfunctions. Six possible behaviors of the eigenfunctions are displayed in Fig. 4 . In general, the eigenfunctions of discrete eigenvalues decay smoothly to 0 at the endpoints of the interval but the eigenfunctions of continuum eigenvalues abruptly drop to 0 at one or both endpoints.
Eigenvalue behavior of V 2 (x)
While the potential V 1 (x) decays exponentially for large |x|, the potential V 2 (x) decays algebraically like |x| −3 for large |x|. Nevertheless, the spectral properties of V 2 (x) are strikingly similar to those of V 1 (x). For V 2 (x) the analog of Fig. 1 is Fig. 5 . Again, we have taken the strength parameter A 2 to be 30 and we observe one complex-conjugate pair of bound-state eigenvalues for L = 10 in panel (a) and two complex-conjugate pairs of bound-state eigenvalues for L = 100 in panel (b). The new pair of bound-state eigenvalues is uncovered as the continuum eigenvalues collapse towards the real axis.
If we increase L to 1000, we observe in Fig. 6 that the bound-state eigenvalues do not move. However, the continuum eigenvalues lie very close to the real axis. For this calculation L = 1000. Note that the discrete bound-state energies have not changed from their values in Fig. 5(b) . However, the continuum part of the spectrum has moved closer to the real axis.
As with the Scarf-II potential V 1 (x), there is a transition in the continuum part of the spectrum that for this model occurs near 21. To examine this transition, we plot the eigenvalues on a logarithmic scale in Fig. 7 . Observe that near 21 the continuum eigenvalues undergo an abrupt jump in their imaginary parts of 10 orders of magnitude. 
Eigenvalue behavior of V 3 (x)
The spectral structure associated with the potential V 3 (x) is qualitatively similar to that of V 2 (x). We take the strength parameter A 3 = 30 and plot the eigenvalues for L = 10 in Fig. 8, panel (a) , and for L = 100 in Fig. 8, panel (b) . Observe that as L is increased from 10 to 100, the discrete bound-state eigenvalues do not move but the continuum part of the spectrum rapidly approaches the real axis. In Fig. 9 we increase the value of L to 1000. This higher-accuracy calculation shows that the continuum eigenvalues are extremely close to the real axis. However, there is still a critical point where the continuum eigenvalues go from having a small imaginary part to a vanishing imaginary part. This transition point is near 27 and the transition is indicated in Fig. 10 by a dashed line. Once again, the logarithmic plot shows that at the transition the imaginary parts of the continuum eigenvalues abruptly drop by about ten orders of magnitude. 
Eigenvalue behavior of V 4 (x)
The pattern of eigenvalues associated with V 4 (x) is similar to that of V 1 (x), V 2 (x), and V 3 (x). For this potential we take the strength parameter A 4 = 3 and plot the spectra for L = 10 and L = 100 in Fig. 11 and for L = 1000 in Fig. 12 . These figures show no qualitatively new features. A logarithmic plot of the eigenvalue data in Figs. 11 and 12 is shown in Fig. 13 . Once again we see a transition, in this case near 9.5, at which the continuum eigenvalues abruptly drop in magnitude by about ten orders of magnitude. The location of the transition is again insensitive to the value of L.
Eigenvalue behavior of V 5 (x)
The most interesting and surprising results that we have obtained concern the eigenspectrum associated with V 5 (x). For this potential we take the strength parameter A 5 = 10. Because this is a long-range potential, it is not easy to obtain accurate and trustworthy numerical results, and we have had to do the L = 1000 calculation in quadruple precision (for all other results in this paper double precision is sufficient). In Fig. 14 we plot the eigenvalues for L = 10 in panel (a) and L = 100 in panel (b). There is one pair of bound-state eigenvalues in panel (a). When we increase the size of the interval, we see in panel (b) that the continuum spectrum has dropped much closer to the real axis and has uncovered three new pairs of bound-state eigenvalues. Figure 14 reveals two new effects that we have not observed in our studies of shortrange potentials. First, the sequence of bound-state eigenvalues has turned around and is heading backward towards the origin. In Figs. 1, 5, 8 , and 11 the real parts of the eigenvalues are increasing, not decreasing. Second, the transition in the continuum part of the spectrum at which the eigenvalues become real is no longer a fixed point on the real axis; rather, the transition point is moving up the real axis as L increases. In panel (a) the transition is near 16 but in panel (b) it is near 28.
If we increase L to 1000, Fig. 15 shows that there are now nine complex-conjugate pairs of bound-state eigenvalues (which are not easy to see clearly). This sequence of bound-state eigenvalues is tending towards the origin. To observe the bound-state eigenvalues more clearly we have replotted in Fig. 16 the data in Fig. 15 on a log-log plot. We can see on this plot that the sequence of bound-state eigenvalues is becoming linear.
To observe the transition points in the continuum part of the eigenspectrum, we have plotted the data in Figs. 14 and 15 on a logarithmic graph in Fig. 17 . Note that the transition point in the continuum eigenvalues from complex to real is moving up the real axis; it is no longer fixed as it was for finite-range potentials. Observe that at the transition near 40 there is a drop of nearly 20 (and not 10) orders of magnitude. To see this effect requires that we use quadruple and not double precision in our numerical calculations. The most interesting aspect of the long-range potential V 5 (x) is that it appears to confine an infinite number of bound states and the complex bound-state energies appear to be approaching 0. To verify this we use Richardson extrapolation [14] to study the behavior of the sequence of bound-state energies.
Richardson extrapolation enables one to find the limit of the sequence {a k } as k → ∞ if the limit is a finite number. Given such a sequence we can calculate more Observe that the transition point in the continuum part of the spectrum is moving up the real axis as L increases from L = 10 to L = 100 to L = 1000. and more accurate Richardson extrapolants, which converge faster to the limiting value. The formulas for the first five Richardson extrapolants are given by 
From our numerical analysis, we have determined that the kth bound-state energy E k has the asymptotic form
where α and β are real numbers. This shows that the bound-state eigenvalues associated with V 5 (x) share many of the quantitative features of the Balmer series for the hydrogen atom. As indicated in the tables 1 and 2, we have determined that the numerical value of α is about 25 and the numerical value of β is about 61. To obtain these results we have multiplied the real part of E k by k 2 and the imaginary part of E k by k 3 and computed the first five Richardson extrapolations.
k Table 2 . Imaginary parts of the first nine eigenvalues E k (1 ≤ k ≤ 9) associated with V 5 (x) and the first five Richardson extrapolants constructed from the sequence {k 3 Im E k }. The imaginary parts of the eigenvalues vanish like βk −3 , where β is roughly 61.
